Properties of limits.

From the definition of the limit, the following shortcuts can be derived.

. If f(x) = cis a constant function, then lim f(x) = ¢, for any a.
Tr—a

. If n is a positive integer, then lim z" = a", for any a.
r—ra

. If 8 is any real number, then lim z” = &”, for any a > 0.
r—ra

. If a >0, then limlnz =1Ina

r—ra

. For all real numbers a, lim e* = e“

r—ra

x If the limits lim f(z) and lim g(x) both exist, then ...

r—a r—a

6.  lim (f(z)=*g(z)) = (lim f(a:)) + (lim g(ar;))

r—ra

7. lim (f(2) - g(@)) = (lim f(2)) - (lim g(x))

r—ra

1. T a . .
lim @) — e f(a;)) provided that lim g(x) # 0.
258 g(@)  Timamsa g(a) 2

r—ra r—ra




Properties of limits (continued).

9. If lim f(x) =L and lim g(u) = M, then lim g(f(z)) = M.

r—a u—L r—a

* This rule has some useful special cases: If lim f(x) = L, then. ..
r—ra

9.1 If n is a positive integer, then lim (f(x)") = (lim f(;c)) = L".

r—ra r—ra

9.2 If L > 0, then lim (f(:c)ﬁ) = (Hm f(:c))ﬁ = LP, for any p.

r—ra r—ra

9.3 If L > 0, then lim (In(f(z))) = In (lim f(x)) — In(L).

TrT—a r—a

9.4 lim (eﬂx)) = e@%f(x)) = el

r—a

* And finally, another useful tool for evaluating limits:

10. If f(x) = g(x) for z # a, then lim f(z) = lim g(x).

Tr—ra r—ra
= FEither both limits exist and are the same, or neither limit exists.
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Example 1. Find lim v :

x—3 1 — 1

Solution:
: 2
2 11 im 2© + 1
lim ~ LML .

z—3 v — 1 lim o — 1
r—3

using the rule for quotients

lim 22 + lim 1
r—3 r—3
Iim x — lIim 1
r—3 r—3

using the rule for sums and differences

=9

T 3-1
using the rules for powers and constants.
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Example 2. Find lim ad

=3 r — 3
Solution: Observe that the rule for quotients doesn’t apply here,

because lin% x — 3 = 0. For this limit, we have to use some algebra and
T—>

rule 10 first, as follows.

First, if z # 3, then

e P [CR)

— 7 4+3
v —3 =3 T

Therefore, by rule 10:

2 _
im 2= lmas+3-34+3—6.

xr—=3 1T — 3 x—3




A special limit

lim (14 u)"/" = e ~ 2.7182818283459.

u—0

We can evaluate the limit in Example 2 from Wednesday, using this

limit and the following steps.

1

"o 0.02
(1) (14 0.022)"* = (1 +0.02z) .02z ("9 = {(1 + 0.023;)1/(0.02@}

(2) This means that

lim (1 +0.022)" = lim [(1 +0.022)Y/©02)]

x—0 x—0

_ [hm (1 + 0.022) "/ ©-022) |

x—0

because of property 9.2, above.

(3) Finally, rename 0.02x = u and observe that if x — 0, then u — 0, so

— 992 ~ 1.02020134.

0.02
[lim (1+ 0.0233)1/(0'02@} _ [lim (1 +u)'/*

:|0.02

x—0 u—0




One-sided limits

In some examples, we want to consider the behavior of a function f(x)

on either side of the limiting point a separately.

Example: Suppose that

v : x>0

2+1 : <0

flz) =

What can we say about lim,_,q f(x)?

(*) If z > 0 and x — 0, then f(z) = +/x — 0. We say in this case
the limit of f(x) as x approaches 0 from the right is equal to 0

and write

lim f(x) =0

r—0Tt

This is called a right-hand limit.




(") If £ < 0and z — 0, then f(z) = V22 + 1 — v/1 = 1. We say in this

case

the limit of f(x) as x approaches 0 from the left is equal to 1

and write
lim f(x) =1

r—0—

This is called a left-hand limit.

(*) In this example both the left- and right-hand limits exist, but the

two-sitded limit

lim f(x) does not exist
x—0

because there is no single number L that f(z) approaches as z — 0.







Definitions:

The limit of f(x) as = approaches a from the right is equal to L,
written

lim f(x) =L,

r—at
if | f(x) — L| can be made as small as we want by making x — a as small
as we need with = > a.

The limit of f(z) as x approaches a from the left is equal to L, written
lim f(x)=L,

rT—a—

if | f(x) — L| can be made as small as we want by making a — x as small
as we need with z < a.

Observation: lim f(x) exists if and only if lim f(z) and lim f(z)
r—ra r—at T—a~

both exist and are equal to each other. l.e.,

lim f(x) =L ifand only if lim f(x)=L = lim f(x)

r—a r—aT r—a~




Example: Suppose that

r>1

<1
r—1 o

Find the limit lim1 g(x), or explain why it does not exist.
T—r

(*) lim g(z)= lim 2 +1=1+1=2.

r—1t r—1t

and

(*) lim g(x)

r—1—

Iim z+1=1+1=2

r—1—

Therefore

’ o o
lim g(z) = lim g(z) = lm g

10



‘Infinite’ limits.

If f(x) grows larger and larger without bound as x approaches some
point a, then we say that f(x) is approaching infinity as x approaches a
and write

lim f(z) = oo,

Likewise, If f(x) grows more and more negative without (lower) bound

as x approaches some point a, then we say that f(x) is approaching
negative infinity as x approaches a and write

wh_rg f(x) = —o0c.

(*) If f(x) exhibits one of these behaviors on only one side of a or the

other, then we use one-sided limits to describe the situation.

1
Example: lin% — does not exist, but we can observe that
x—0U

. 1 . 1
lim — =00 and lim — = —o0.
r—0+T I r—0— I

11
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Limits ‘at infinity’
(*) The limit at infinity of a function f(x) describes (certain aspects of)

the behavior of f(x) as the variable x grows larger and larger.

1
Example 1: What happens to the values of f(x) = — as = grows

T
without bound?

T 1
e

1 1
100 0.01
10, 000 0.0001

1,000,000 | 0.000001

99 Os

—
10100 0.00...01

Observations:

1

(i) As k grows bigger (and 10* grows even faster), =%

approaches 0.

(if) If 10F < z, then 0 < = < &, so = approaches 0 as = grows large.

13



Definition:

The limit of f(x) as x ‘approaches infinity’ is equal to L, written

lim f
Tr—r 00

if | f(x) — L| can be made as small as we want by choosing x as large as

necessary.

In other words, ‘approaching infinity’ means getting large without bound.

More formal definition:

lim f(x) = L means that given ¢ > 0, there is an M such that

— 00

|f(x) — L| <eforall z > M.

1
Example: lim — = 0 because given ¢ > 0, if x > M = %, then
r—00 I

1'1
——0l==<

X
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. The rules for constant functions and for sums and differences of limits

are valid for limits at infinity.

. The rules for products and quotients of limits are equally valid for

limits at infinity, as long as the component limits are finite. In

particular, the expressions — and 0 - oo are meaningless.
00

. If k>0, then lim z* = o0, i.e., z* grows larger as = grows larger.
Tr—r 0o

1
. If k <0, then lim z*¥ = lim — = 0.

1
. More generally, if lim f(x) = oo, then lim —— = 0.

1
. If a > 0, then lim e = oo and therefore lim e “* = lim — = 0.
T— 00 L—00

. Exponential growth. If a > 0, then for any k

ij

lim — = 0.
r—o00 ear
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